We investigate the cosmic microwave background (CMB) bispectra of the intensity (temperature) and polarization modes induced by the graviton non-Gaussianities, which arise from the parity-conserving and parity-violating Weyl cubic terms with time-dependent coupling. By considering the time-dependent coupling, we find that even in the exact de Sitter space time, the parity violation still appears in the three-point function of the primordial gravitational waves and could become large. Through the estimation of the CMB bispectra, we demonstrate that the signals generated from the parity-conserving and parity-violating terms appear in completely different configurations of multipoles. For example, the parityconserving non-Gaussianity induces the nonzero CMB temperature bispectrum in the configuration with 3 n=1 ℓn = even and, while due to the parity-violating non-Gaussianity, the CMB temperature bispectrum also appears for 3 n=1 ℓn = odd. This signal is just good evidence of the parity violation in the non-Gaussianity of primordial gravitational waves. We find that the shape of this non-Gaussianity is similar to the so-called equilateral one and the amplitudes of these spectra at large scale are roughly estimated as
§1. Introduction
Non-Gaussian features in the cosmological perturbations include detailed information on the nature of the early Universe, and there have been many works that attempt to extract them from the bispectrum (three-point function) of the cosmic microwave background (CMB) anisotropies (e.g., Refs. 1)-4)). However, most of these discussions are limited in the cases that the scalar-mode contribution dominates in the non-Gaussianity and also are based on the assumption of rotational invariance and parity conservation.
In contrast, there are several studies on the non-Gaussianities of not only the scalar-mode perturbations but also the vector-and tensor-mode perturbations. 5)-7) These sources produce the additional signals on the CMB bispectrum 8) and can give a dominant contribution by considering such highly non-Gaussian sources as the stochastic magnetic fields. 9) Furthermore, even in the CMB bispectrum induced from the scalar-mode non-Gaussianity, if the rotational invariance is violated in the non-Gaussianity, the characteristic signals appear. 10) Thus, it is very important to clarify these less-noted signals to understand the precise picture of the early Universe. where W αβ γδ denotes the Weyl tensor, ǫ αβµν is a 4D Levi-Civita tensor normalized as ǫ 0123 = 1, and Λ is a scale that sets the value of the higher derivative corrections. 11) Note that W 3 and W W 2 have the even and odd parities, respectively. In the following discussion, we assume that the coupling constant is given by
where τ is a conformal time. Here, we have set f (τ * ) = 1. Such a coupling can be readily realized by considering a dilaton-like coupling in the slow-roll inflation as discussed in §2.2.
Calculation of the primordial bispectrum
Here, let us focus on the calculation of the primordial bispectrum induced by W 3 and W W 2 of Eq. (2 . 1) on the exact de Sitter space-time in a more straightforward manner than those of Refs. 11) and 12).
At first, we consider the tensor perturbations on the Friedmann-Lemaitre-RobertsonWalker metric as
where a denotes the scale factor and γ ij obeys the transverse traceless conditions; γ ii = ∂γ ij /∂x j = 0. Up to the second order, even if the action includes the Weyl cubic terms given by Eq. (2 . 1), the gravitational wave obeys the action as 11), 12) 6) where˙≡ ∂/∂τ and ,i ≡ ∂/∂x i . We expand the gravitational wave with a transverse and traceless polarization tensor e (λ) ij and the creation and annihilation operators a (λ) † , a (λ) as
ij (k)e ik·x + h.c.
with
Here, λ ≡ ±2 denotes the helicity of the gravitational wave and we use the polarization tensor satisfying the relations as
ii (k) =k i e (λ) ij (k) = 0 , e
The creation and annihilation operators a (λ) † , a (λ) obey the relations as 10) where |0 denotes a vacuum eigenstate. Then, the mode function of gravitons on the de Sitter space-time γ dS satisfies the field equation as
and a solution is given by 12) where H = −(aτ ) −1 is the Hubble parameter and has a constant value in the exact de Sitter space-time.
On the basis of the in-in formalism (see, e.g., Refs. 5) and 20)) and the above results, we calculate the tree-level bispectrum of gravitons on the late-time limit. According to this formalism, the expectation value of an operator depending on time in the interaction picture, O(t), is written as 13) where T andT are respectively time-ordering and anti-time-ordering operators and H int (t) is the interaction Hamiltonian. Applying this equation, the primordial bispectrum of gravitons at the tree level can be expressed as
where : : denotes normal product.
Up to the first order with respect to γ ij , the nonzero components of the Weyl tensor are written as where η ijk ≡ ǫ 0ijk . Using the above expressions and dτ H int = −S int , up to the third order, the interaction Hamiltonians of W 3 and W W 2 are respectively given by
18)
Substituting the above expressions into Eq. (2 . 14), using the solution given by Eq. (2 . 12), and considering the late-time limit as τ → 0, we can obtain an explicit form of the primordial bispectra:
Here, k t ≡ 3 n=1 k n , int = W 3 and W W 2 , "5 perms" denotes the five symmetric terms under the permutations of (k 1 , λ 1 ), (k 2 , λ 2 ), and (k 3 , λ 3 ). From the above expressions, we find that the bispectra of the primordial gravitational wave induced from W 3 and W W 2 are proportional to the real and imaginary parts of τ −A * 0 −∞ dτ ′ τ ′5+A e −iktτ ′ , respectively. This difference comes from the number of γ ij,αα andγ ij,k . H W 3 consists of the products of an odd number of the former terms and an even number of the latter terms. On the other hand, in H W W 2 , the situation is the opposite. Since the former and latter terms containγ dS − k 2 γ dS = (2Hτ ′ /M pl )k 3/2 e −ikτ ′ andγ dS = i(Hτ ′ /M pl )k 1/2 e −ikτ ′ , respectively, the total numbers of i are different in each time integral. Hence, the contributions of the real and imaginary parts roll upside down in f (r)
Since the time integral in the bispectra can be analytically evaluated as 27) where Γ (x) is the Gamma function. From this equation, we can see that in the case of the time-independent coupling, which corresponds to the A = 0 case, the bispectrum from W W 2 vanishes. This is consistent with a claim in Ref. 12). * ) On the other hand, interestingly, if A deviates from 0, it is possible to realize the nonzero bispectrum induced from W W 2 even in the exact de Sitter limit. Thus, we expect the signals from W W 2 without the slowroll suppression, which can be comparable to those from W 3 and become sufficiently large to observe in the CMB.
Running coupling constant
Here, we discuss how to realize f ∝ τ A within the framework of the standard slow-roll inflation. During the standard slow-roll inflation, the equation of motion of the scalar field φ, which has a potential V , is expressed aṡ
where
is a slow-roll parameter for φ, + and − signs are taken to be for ∂V /∂φ > 0 and ∂V /∂φ < 0, respectively, and we have assumed that aH = −1/τ . The solution of the above equation is given by
, the authors have shown that for A = 0, the bispectrum from W W 2 has a nonzero value upward in the first order of the slow-roll parameter.
Hence, if we assume a dilaton-like coupling as f ≡ e (φ−φ * )/M , we have
where M is an arbitrary energy scale. Let us take τ * to be a time when the scale of the present horizon of the Universe exits the horizon during inflation, namely, |τ * | = k −1 * ∼ 14Gpc. Then, the coupling f , which determines the amplitude of the bispectrum of the primordial gravitational wave induced from the Weyl cubic terms, is on the order of unity for the current cosmological scales. From Eq. (2 . 30), we have A = ±1/2 with M = 8ǫ φ M pl . As seen in Eqs. (2 . 26) and (2 . 27), this leads to an interesting situation that the bispectra from W 3 and W W 2 have a comparable magnitude as f (r)
Hence, we can expect that in the CMB bispectrum, the signals from these terms are almost the same.
In the next section, we demonstrate these through the explicit calculation of the CMB bispectra. §3. CMB parity-even and parity-odd bispectrum
In this section, following the calculation approach discussed in Ref. 8) , we formulate the CMB bispectrum induced from the non-Gaussianities of gravitons sourced by W 3 and W W 2 terms discussed in the previous section.
Formulation
Conventionally, the CMB fluctuation is expanded with the spherical harmonics as
wheren is a unit vector pointing toward a line-of-sight direction, and X means the intensity (≡ I) and the electric and magnetic polarization modes (≡ E, B). By performing the line-of-sight integration, the coefficient, a ℓm , generated from the primordial fluctuation of gravitons, γ (±2) , is given by 8), 22), 23)
where x discriminates the parity of three modes: x = 0 for X = I, E and x = 1 for X = B, and T X,ℓ is the time-integrated transfer function of tensor modes as calculated in, e.g., Refs. 24)-26). Using this expression, we can obtain the CMB bispectrum generated from the primordial bispectrum of gravitons as
In order to derive an explicit form of this CMB bispectrum, at first, we need to express all the functions containing the angular dependence on the wave number vectors with the spin spherical harmonics. Using the results of Appendix A, f
where the 2 × 3 matrix of a bracket, and the 2 × 3 and 3 × 3 matrices of a curly bracket denote the Wigner-3j, 6j and 9j symbols, respectively, and
The delta function is also expanded as
Next, we integrate all the spin spherical harmonics overk 1 ,k 2 andk 3 as
Through the summation over the azimuthal quantum numbers, the product of the above five Wigner-3j symbols is expressed with the Wigner-9j symbols as
Finally, performing the summation over the helicities, namely, λ 1 , λ 2 and λ 3 , as
and considering the selection rules of the Wigner symbols, 8) we derive the CMB bispectrum generated from the non-Gaussianity of gravitons induced by W 3 as
a Xn,ℓnmn a Xn,ℓnmn
Here, "5 perms" denotes the five symmetric terms under the permutations of (ℓ 1 , m 1 , x 1 ), (ℓ 2 , m 2 , x 2 ), and (ℓ 3 , m 3 , x 3 ), and we introduce the filter functions as 19) where the superscripts (e) and (o) denote L + ℓ + x = even and = odd, respectively. From Eqs. (3 . 16) and (3 . 17), we can see that the azimuthal quantum numbers m 1 , m 2 , and m 3 are confined only in a Wigner-3j symbol as
. This guarantees the rotational invariance of the CMB bispectrum. Therefore, this bispectrum survives if the triangle inequality is satisfied as
Considering the products between the D functions in Eq. (3 . 16) and the selection rules as 3 n=1 L n = even, we can notice that the CMB bispectrum from W 3 does not vanish only for
Therefore, W 3 contributes the III, IIE, IEE, IBB, EEE, and EBB spectra for 3 n=1 ℓ n = even and the IIB, IEB, EEB, and BBB spectra for 3 n=1 ℓ n = odd. This property can arise from any sources keeping the parity invariance such as W 3 . On the other hand, in the same manner, we understand that the CMB bispectrum from W W 2 survives only for
By these constraints, we find that in reverse, W W 2 generates the IIB, IEB, EEB, and BBB spectra for 3 n=1 ℓ n = even and the III, IIE, IEE, IBB, EEE, and EBB spectra for 3 n=1 ℓ n = odd. This is a characteristic signature of the parity violation as mentioned in Refs. 18) and 19) . Hence, if we analyze the information of the CMB bispectrum not only for 3 n=1 ℓ n = even but also for 3 n=1 ℓ n = odd, it may be possible to check the parity violation at the level of the three-point correlation.
The above discussion about the multipole configurations of the CMB bispectra can be easily understood only if one consider the parity transformation of the CMB intensity and polarization fields in the real space (3 . 1). The III, IIE, IEE, IBB, EEE and EBB spectra from W 3 , and the IIB, IEB, EEB, and BBB spectra from W W 2 have even parity, namely,
Then, from the multipole expansion (3 . 1) and its parity flip version as
one can notice that 3 n=1 ℓ n = even must be satisfied. On the other hand, since the IIB, IEB, EEB, and BBB spectra from W 3 , and the III, IIE, IEE, IBB, EEE, and EBB spectra from W W 2 have odd parity, namely,
one can obtain 3 n=1 ℓ n = odd. In §3.3, we compute the CMB bispectra (3 . 16) and (3 . 17) when A = ±1/2, 0, 1, that is, the signals from W 3 become as large as those from W W 2 and either signals vanish. 
Evaluation of f (r)
Here, to compute the CMB bispectra (3 . 16) and (3 . 17) in finite time, we express the radial functions, f 
where we define S A to satisfy S A ∝ k −6 as
In Fig. 1 , we plot S A for A = −1/2, 0, 1/2, and 1. From this, we notice that the shapes of S A are similar to the equilateral-type configuration as 28)
To evaluate how a function S is similar in shape to a function S ′ , we introduce a correlation function as 3), 29)
where the summation is performed over all k i , which form a triangle and P (k) ∝ k −3 denotes the power spectrum. This correlation function gets to 1 when S = S ′ . In our case, this is calculated as
that is, an approximation that S A is proportional to S eq seems to be valid. Here, we also calculate the correlation functions with the local-and orthogonal-type nonGaussianities 4) and conclude that these contributions are negligible. Thus, we determine the proportionality coefficient as 32) and for A = −1/2 as f (r)
Here, we also use
where A S is the amplitude of primordial curvature perturbations and r is the tensorto-scalar ratio. 
Results
On the basis of the analytical formulae (3 . 16), (3 . 17), (3 . 32), (3 . 33), (3 . 35) and (3 . 36), we compute the CMB bispectra from W 3 and W W 2 for A = −1/2, 0, 1/2, and 1. Then, we modify the Boltzmann Code for Anisotropies in the Microwave Background (CAMB). 30), 31) In calculating the Wigner symbols, we use the Common Mathematical Library SLATEC 32) and some analytic formulae described in Ref. 8) . From the dependence of the radial functions f (r)
W W 2 on the wave numbers, we can see that the shapes of the CMB bispectra from W 3 and W W 2 are similar to the equilateral-type configuration. Then, the significant signals arise from multipoles satisfying ℓ 1 ≃ ℓ 2 ≃ ℓ 3 . We confirm this by calculating the CMB bispectrum for several ℓ's. Hence, in the following discussion, we give the discussion with the spectra for ℓ 1 ≃ ℓ 2 ≃ ℓ 3 . However, we do not focus on the spectra from 3 n=1 ℓ n = odd for ℓ 1 = ℓ 2 = ℓ 3 because these vanish due to the asymmetric nature.
In Fig. 2 , we present the reduced CMB III, IIB, IBB, and BBB spectra given by 
16 Fig. 2 . Absolute values of the CMB III, IIB, IBB, and BBB spectra induced by W 3 and W W 2 for A = −1/2, 0, 1/2, and 1. We set that three multipoles have identical values as ℓ1−2 = ℓ2−1 = ℓ3. The left figures show the spectra not vanishing for 3 n=1 ℓn = even (parity-even mode) and the right ones present the spectra for 3 n=1 ℓn = odd (parity-odd mode). Here, we fix the parameters as Λ = 3 × 10 6 GeV, r = 0.1, and τ * = −k −1 * = −14Gpc, and other cosmological parameters are fixed as the mean values limited from the WMAP 7-yr data.
4)
for ℓ 1 − 2 = ℓ 2 − 1 = ℓ 3 . Here, the G symbol is defined by, 19) * )
At first, from this figure, we can confirm that there are similar features of the CMB power spectrum of tensor modes. 26), 33) In the III spectra, the dominant signals are located in ℓ < 100 due to the enhancement of the integrated Sachs-Wolfe effect. On the other hand, since the fluctuation of polarizations is mainly produced through the Thomson scattering at around the recombination and reionization epoch, the BBB spectra have two peaks for ℓ < 10 and ℓ ∼ 100, respectively. The cross-correlated bispectra between I and B modes seem to contain both these effects. These features back up the consistency of our calculation. The curves in Fig. 2 denote the spectra for A = −1/2, 0, 1/2, and 1, respectively. We notice that the spectra for large A become red compared with those for small A. The difference in tilt of ℓ between these spectra is just one corresponding to the difference in A. The curves of the left and right figures obey 3 n=1 ℓ n = even and = odd, respectively. As mentioned in §3.1, we stress again that in the ℓ configuration where the bispectrum from W 3 vanishes, the bispectrum from W W 2 survives, and vice versa for each correlation. This is because the parities of these terms are opposite each other. For example, this predicts a nonzero III spectrum not only for 3 n=1 ℓ n = even due to W 3 but also for 3 n=1 ℓ n = odd due to W W 2 . We can also see that each bispectrum induced by W 3 has a different shape from that induced by W W 2 corresponding to the difference in the primordial bispectra. Regardless of this, the overall amplitudes of the spectra for A = ±1/2 are almost identical. However, if we consider A deviating from these values, the balance between the contributions of W 3 and W W 2 breaks. For example, if −1/2 < A < 1/2, the contribution of W 3 dominates. Assuming the time-independent coupling, namely, A = 0, since f (r) W W 2 = 0, the CMB bispectra are generated only from W 3 . Thus, we will never observe the parity violation of gravitons in the CMB bispectrum. On the other hand, when −3/2 < A < −1/2 or 1/2 < A < 3/2, the contribution of W W 2 dominates. In an extreme case, if A = odd, since f (r) W 3 = 0, the CMB bispectra arise only from W W 2 and violate the parity invariance. Then, the information of the signals under 3 n=1 ℓ n = odd will become more important in the analysis of the III spectrum. * ) The conventional expression of the CMB-reduced bispectrum as
ℓ2 ℓ3 m1 m2 m3 (color online) Absolute value of the CMB III spectra generated from W 3 for A = −1/2 (red solid line), 0 (green dashed one), and 1/2 (blue dotted one) described in Fig. 2 , and generated from the equilateral-type non-Gaussianity given by Eq. (3 . 40) with f eq NL = 300 (magenta dotdashed one). We set that three multipoles have identical values as ℓ1 = ℓ2 = ℓ3 ≡ ℓ. Here, we fix the parameters as the same values mentioned in Fig. 2 .
In Fig. 3 , we focus on the III spectra from W 3 for ℓ 1 = ℓ 2 = ℓ 3 ≡ ℓ to compare these with the III spectrum generated from the equilateral-type non-Gaussianity of curvature perturbations given by
where f eq NL is the nonlinearity parameter of the equilateral non-Gaussianity and T
is the transfer function of scalar mode. 24), 25) Note that these three spectra vanish for 3 n=1 ℓ n = odd. From this figure, we can estimate the typical amplitude of the III spectra from W 3 at large scale as
This equation also seems to be applicable to the III spectra from W W 2 . On the other hand, the CMB bispectrum generated from the equilateral-type nonGaussianity on a large scale is evaluated with f eq NL as
From these estimations and ideal upper bounds on f eq NL estimated only from the cosmic variance for ℓ < 100, 28), 34), 35) namely f eq NL 300 and r ∼ 0.1, we find a rough limit: Λ 3 × 10 6 GeV. Here, we use only the signals for 3 n=1 ℓ n = even due to the comparison with the parity-conserving bispectrum from scalar-mode nonGaussianity. Of course, to estimate more precisely, we will have to calculate the signal-to-noise ratio with the information of 3 n=1 ℓ n = odd. 19) §4. Summary and discussion
In this paper, we have studied the CMB bispectrum generated from the graviton non-Gaussianity induced by the parity-even and parity-odd Weyl cubic terms, namely, W 3 and W W 2 , which have a dilaton-like coupling depending on the conformal time as f ∝ τ A . Through the calculation based on the in-in formalism, we have found that the primordial non-Gaussianities from W W 2 can have a magnitude comparable to that from W 3 even in the exact de Sitter space-time.
Using the explicit formulae of the primordial bispectrum, we have derived the CMB bispectra of the intensity (I) and polarization (E, B) modes. Then, we have confirmed that, owing to the difference in the transformation under parity, the spectra from W 3 vanish in the ℓ space where those from W W 2 survive and vice versa. For example, owing to the parity-violating W W 2 term, the III spectrum can be produced not only for 3 n=1 ℓ n = even but also for 3 n=1 ℓ n = odd, and the IIB spectrum can also be produced for 3 n=1 ℓ n = even. These signals are powerful lines of evidence the parity violation in the non-Gaussian level; hence, to reanalyze the observational data for 3 n=1 ℓ n = odd is meaningful work. When A = −1/2, 0, 1/2, and 1, we have obtained reasonable numerical results of the CMB bispectra from the parity-conserving W 3 and the parity-violating W W 2 . For A = ±1/2, we have found that the spectra from W 3 and W W 2 have almost the same magnitudes even though these have a small difference in the shapes. In contrast, if A = 0 and 1, we have confirmed that the signals from W W 2 and W 3 vanish, respectively. In the latter case, we will observe only the parity-violating signals in the CMB bispectra generated from the Weyl cubic terms. We have also found that the shape of the non-Gaussianity from such Weyl cubic terms is quite similar to the equilateral-type non-Gaussianity of curvature perturbations. In comparison with the III spectrum generated from the equilateral-type non-Gaussianity, we have found that if r = 0.1, Λ 3 × 10 6 GeV corresponds approximately to f eq NL 300. Strictly speaking, to obtain the bound on the scale Λ, we need to calculate the signal-to-noise ratio with the information of not only 3 n=1 ℓ n = even but also 3 n=1 ℓ n = odd for each A by the application of Ref. 19 ). This will be discussed in the future. search on Priority Areas No. 467 "Probing the Dark Energy through an Extremely Wide and Deep Survey with Subaru Telescope", and Grant-in-Aid for Nagoya University Global COE Program "Quest for Fundamental Principles in the Universe: from Particles to the Solar System and the Cosmos", from the Ministry of Education, Culture, Sports, Science and Technology of Japan. We also acknowledge the Kobayashi-Maskawa Institute for the Origin of Particles and the Universe, Nagoya University, for providing computing resources useful in conducting the research reported in this paper.
Here, we calculate each product between the wave number vectors and the polarization tensors of f (a) 27) We set the polarization tensor defined in Refs. 8) and 22) as
Here, λ = ±2 denotes the helicity of the gravitational wave. Of course, this polarization tensor obeys the relations (2 . 9). According to Ref. 8), a unit vector and a polarization tensor (A . 1) are expanded with the spin spherical harmonics respectively, ask
Then, the scalar product of α m is given by
Using these relations, the first term of f (a) W 3 is written as
where the summation of three Wigner symbols included in the polarization tensors with respect to azimuthal quantum numbers is performed using a formula: In the same manner, we can obtain the other terms of f = −(8π) = −(8π)
Here, in addition to the above relations, we use the product formula: 
For the other terms, by using the relation 
(A . 21)
